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Summary. A basic mathematical model of human red cells is 
presented which integrates the charge and nonideal osmotic be- 
havior of hemoglobin and of other impermeant cell solutes with 
the ion transport properties of the red cell membrane. The com- 
puting strategy was designed to predict the behavior of all mea- 
surable variables in time in ways that optimize comparison with 
experimentally determined behavior. The need and applications 
of such a model are illustrated in three separate examples cover- 
ing different areas of experimentation in the physiology and 
pathophysiology of red cells. 
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Introduction 

There is much information and substantial agree- 
ment about many aspects of red cell transport, pH 
control and volume regulation. The nonideal os- 
motic behavior of hemoglobin [1, 19, 20, 27, 39, 59, 
61], the change in the net charge on the impermeant 
cell ion with pH [14, 18, 27, 37], the kinetics and 
turnover rates of the main monovalent ion trans- 
porters [2, 15, 22, 25, 34, 47, 60], and the operation 
of the Jacobs-Stewart cycle [27, 38, 47, 48] are all 
now well characterized, though in different, often 
noncomparable experimental conditions. Some 
transport properties of red cell membranes have 
been used in models designed to analyze limited 
aspects of the steady-state or transient behavior of 
the cells [8, 35, 64, 65]. There is, however, no 
framework that integrates the various known fea- 
tures of red cell function into a single model. With- 
out such an integrated model we are unable to pre- 
dict those aspects of red cell behavior which depend 
critically on the interaction of diverse functions. 
Apparently simple questions, concerning the rate 
and extent of red cell swelling, shrinkage, or pH 
change under different conditions, cannot be an- 

swered precisely. We cannot, for instance, discern 
whether the expressions describing the charge and 
nonideal osmotic properties of hemoglobin, formu- 
lated with nystatin-treated red cells [14, 18, 27], are 
also valid in a variety of physiological, pathological, 
and experimental conditions. Without a model that 
incorporates those expressions, their influence on 
cell behavior cannot be predicted, and measured 
behavior cannot readily be used to correct or refine 
those expressions. 

We introduce here an integrated mathematical 
model of a human red cell and a method which al- 
lows us to compute its transient behavior following 
perturbations, in a manner analogous to the se- 
quence one normally follows in common experi- 
ments with intact cells. This endows the model with 
the flexibility to reproduce any experimental de- 
sign, thus optimizing direct quantitative comparison 
between measured and predicted results. The 
model, whose basic components are represented in 
Fig. 1, integrates the nonideal osmotic behavior of 
hemoglobin [27, 39, 59] with the H+-binding proper- 
ties of the impermeant cell ions, as found in nys- 
tatin-induced equilibrium experiments [14, 18, 27], 
and with explicit formulations of the kinetics, when 
known, or of kinetic alternatives, for the various 
permeant ion transport pathways. 

In the development of this model we have 
sought to combine economy and reliability in the 
choice of initial parameters, mathematical simplic- 
ity in the selection of equations, and maximal flexi- 
bility in the design of the computing strategy. The 
model is thus a basic, perhaps the simplest possible, 
integrated representation of the transport, pH and 
volume regulatory functions of an intact red cell. 

We have chosen three examples which pose 
specific questions designed to illustrate the use of 
the model. These are analyzed in detail in "Results 
and Discussion." As presented here, the model has 
the minimal number of components required to an- 
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Fig. 1. Variables and flux components of the red cell model 

swer these questions. It is, however, open and flexi- 
ble enough to incorporate any changes and exten- 
sions necessary to investigate other specific aspects 
of intact cell behavior which are or become amena- 
ble to experimental test. 

Glossary of Symbols and Definitions, List of 
Model Equations, and Equation-Index for the 
Computations of the Reference State and of 
Transients 

Qi: 

Q~ ~: 

C'/, C7': 

Subscript i: 

Na, K, Mg, H: 

Hb: 
A: 

X: 

Y: 

B: 

HB: 

KB : 

/'/X~ //Hb: 

pH', pH": 
pl:  
V,.: 

MCHC: 

P f  , e~; : 

kco, kHA: 

zi, F , R ,  T , E :  

Ht: 

Dt: 
(.1: 

fH b : 

b , c :  

d: 

Amount of solute i in one liter of original 
Na . 

packed cells (mmol/loc). ~b . . . .  
Net charge on impermeant cell ion (mEq/ 
loc). fD, : 
Concentration of solute i in cell water (') .fa: 
or in extracellular medium (m) (molar, M, 
for H ions; mM for all other solutes). 
Stands for all solutes or for any subset of DV,.: 
solutes among: Na, K, Mg, A, Hb, X, Y, 
B, HB and H. 
Sodium, potassium, magnesium and hy- DQI: 
drogen ions. 
Hemoglobin. 
P e r m e a n t  a n i o n ,  r A ,  r t t :  

lmpermeant intracellular anion assumed 
to be nonprotonizable within intracelluhtr 
pH range explored in present simulations. 
Impermeant extracellular monovalent an- 
ion (gluconate, for instance). 
lmpermeant extracellular H-buffer 
(Hepes-like, in present simulations). 
Protonized form of extracellular H- 
buffer. 
Dissociation constant of exlracellular H- 
buffer (M). 
Mean net charge on X and Hb, respec- 
tively (Eq/mole). 
Cell and medium, pH, respectively. 
lsoelectric pH of hemoglobin. 
Volume of ceil water in one liter of origi- 
nal packed cells ( 1/Ioc). 
Mean corpuscular hemoglobin concentra- 
tion (g/100 ml of packed cells). 
Total flux of permeant solute i (mmol/ 
loch). 
Partial fux-component of solute i through 
the Na-pump (P), a low-saturation facili- 
tated diffusion carrier (L), an electrodiffu- 
sional constant-field channel (G), an elec- 
troneutral Na : K : 2A cotransport (Co), 
and an electroneutral H : A  cotransporl 
(HA) (representing the operation of the 
Jacobs-Stewart cycle) (mmol/Ioch). 
Permeability constant of solute i through 
facilitated diffusion (L) and electrodiffu- 
sional (G) pathways (hr i). 
Turnover rate constants for the 
Na: K:2A (Co) and for the H : A  (HA) 
cotransports. 
Valence of ion i, Faraday constant, gas 
constant, absolute temperature, and 
membrane potential (mV), respectively. 
Original volume-fraction of cells in cell 
suspension (hematocrit/100). 
Integration interval (hr). 
Net negative charge on hemoglobin when 
pH" pl  + I (Eq/mole). Slope of the 
proton titration curve of hemoglobin. 
Osmotic coefficient of hemoglobin. 
Virial coefficients of linear and quadratic 
terms, respectively, in empirical equation 
for.f lib. 
Compensating factor in kinetic definition 
of Na : K : 2A cotransport to secure qW ~ = 
0 in reference state. 
Saturated Na efflux through the Na pump 
(mmol/Ioch). 
Integration interval factor. 
Fraction of the net passive Na and K 
fluxes, which is electrodiffusional in the 
reference state. 
Change in the volume of cell water per 
unit original volume of cells during one 
integration interval (l/loc). 
Change in the intracellular amount of sol- 
ute i per unit original volume of cells dur- 
ing one integration interval (mmol/Ioc). 
Ratio between external and internal per- 
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meant anion concentrations (rA) or be- 
tween internal and external hydrogen ion 
concentrations (rH). 

Superscripts (o), (t) and (t D t )  on a variable indicate the value 
of that variable in the original reference 
steady-state (o), at any subsequent time 
( t ) ,  or at the preceding computed lime 
( t - D r ) .  The absence of a time-indicating 
superscript on any variable is equivalent 
to the superscript (t). 

FUNDAMENTAL EQUATIONS 

OF THE RED CELL MODEL 

I. Isotonicity 

,fHb(QHb + (~N~, + QK q- QMg + QA 

- V . , ( C ~  + C'~ + C~; + C~' + C';') 

2. Initial e]ectroneutrality 

Q'G + Qi~ + 2QM~ - QT, + n'hhQ.b + n~ Q,~ = 0 

3. Nonideal osmotic behavior of hemoglobin 

.fhb = I + b - QHb/V . ,  + c "  QHB/V~, 

4. H+-buffer behavior of hemoglobin 

nil, = a(pH'  - p l )  

5. Flux equations 

+K = (~P q- +L __ + 2  -{- +Co 

+H = 4."~ 

6. Maintenance of electroneutrality 

Z zi+~ - 0 

7. Computation of transients 

D Q I  = +i " D t  

8. Redistribution of permeant solutes between cells and sus- 
pending medium 

crf f  (t) = C ?  (t Dr)(1 + H t / ( 1  - H t ) ) D V w )  

- (H t / (1  - H t ) ) D Q ~  

DEFINITIONS 

C~ = Q~/V~ (D1) 

+i = D Q i / D t  (D2) 

C~i" = expt0(-pH C'm) 

pH . . . . .  log C~i" 

rA = C~/C~A 

r H = C ~ / C ~  = exp,~(pH . . . .  pH')  

Qr i = rtHb " Ql-lb + n x "  Q x  + 2 �9 QMg 

DV,, ,  = V~) - V ~  -~ 

D Q i  = QI t ' -  Qit-Dt) 

,f(; G (; = +Nd(+N~, + +~,,) = +~/(+~ + +~) 
+co = 2+co = 2+co 

E C f " = C T ~ a + C ~ + C ~ + C ~ + C ~  

MCHC = ( M C H C ) ~ 1 7 6  

(D3) 

(D4) 

(D5) 

(D6) 

(D7) 

(D8) 

(D9) 

(DI0) 

(Dll)  

(D12) 

(D13) 

(D14) 

LIST OF MODEL EQUATIONS 

D e s c r i p t i o n  E q u a t i o n s  Nos. 

I. Titratable charges in cells and 
medium (1), (14) 

2. Net charge on impermeant cell 
ion (D7), (19), (34), (35) 

3. Osmotic coefficient of 
hemoglobin (2) 

4. Flux equations (3) to (12); (DI 1), (DI2) 
5. Isotonicity (17), (24) 
6. Electroneutrality (13), (18), (20) 
7. Cell and medium pH (36), (40), (41) 
8. Cell volume (24), (25), (26) 
9. Solute and water shifts between 

cells and medium (28), (38), (39) 
10. Integration interval (23) 

COMPUTATION OF THE REFERENCE STATE 

Step Values set From 
or  c o m p u t e d  

1. Initial cell values and 
experimental conditions Table I 

2. C ~ ,  C'~ ~ Eqs. (14), (13) 
3. r~, r~, pH c~ +HAo = 0; Eq. (15) 
4. E ~ Eq. (16) 
5. Q x  Eq. (17) 
6. f~b Eq. (2) 
7. n~b Eq. (1) 
8. n x  Eq. (18) 
9. Q~_) Eq. (19) 

max +Na, 1 ; Eq. 10. +Na Po Table (7) 
11. P~a, P~ setfG; +~a = 0; +~ = 0 

P~a, e ~  Eqs. (3), (4), (9), (10) 
12. d +coo = 0; Eq. (11) 
13. P~, kco, knA values set within desired 

range 
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COMPUTATION OF TRANSIENTS 

Step Values set or computed 

1. Set perturbation in parameter or 
concentrations 

2. E 
3. 4~ 
4. 4' c~ th HA 

5. 4'i 
6. Qi 

7. vw 
8. cL c7 
9. Qc-), P Hc 

10. C~a, C~', pH" 
11. 

12. 

F r o m  

Eq. (20) 
Eq. (10) 
Eqs. (11), (12) 
Eqs. (3), (4), (5) 
Eqs. (21), (22) 
Eq. (24) 
Eqs. (27), (28) 
Eqs. (34), (35), (36) 
Eqs. (38) to (41) 

Test for printing intermediate results, for changes in 
conditions or for end of experiment. 
Go to step 2. 

STRUCTURE OF THE RED CELL MODEL 

Following the strategy introduced for the analysis of transporting 
epithelial cells [55], the computations of the RCM were orga- 
nized in two main stages. The first stage uses a minimal set of 
well-characterized human red cell values and standard experi- 
mental conditions to define an initial reference steady state 
which represents, to a good approximation, the physiological 
condition of fresh intact red cells at the start of experiments. The 
second stage computes the evolution in time of all the variables 
in the system following a specified perturbation. 

In this section we discuss the principles followed in the 
design of the computing strategy and present all technical details 
required to reproduce the computations. 

EXPLANATION OF SYMBOLS AND EQUATIONS 

Cell contents of water (Vw) and of solutes (Qi) are expressed in 
liters or millimoles (mmol) per liter original cells (liter/loc or 
mmol/loc), respectively. One liter of original cells is meant to 
represent a normalized quantity corresponding to 1 liter of fully 
packed fresh, normal human red cells containing 340 g hemoglo- 
bin. This corresponds to a mean corpuscular hemoglobin con- 
centration (MCHC) of 34 g/dl. By definition, the concentration of 
solute i in cell water (C~) is given by C~ = Qi/Vw and is expressed 
in mmol/liter (mM), as is the concentration of solutes in the 
extracellular medium (C~). The solutes considered in this model, 
and represented in the equations by the subscript i or by that of 
the specific symbols, are of two categories: permeant and imper- 
meant. The permeant solutes are Na, K, the diffusible anion A 
(CI-, HCO3, SCN-, or any combination of highly permeant 
monovalent anions) and hydrogen ions, H +. The impermeant 
solutes are: Mg 2+, hemoglobin (Hb), cell solutes other than he- 
moglobin (X), one unspecified extracellular solute (Y), conven- 
ient for simulating isotonic replacement experiments, and an ex- 
tracellular proton-buffer (B), Hepes-like in the examples 
reported in this paper, with proton-dissociation constant KB and 
protonized form HB.  The mean net charge on Hb and X is repre- 
sented by nab and nx ,  respectively, and is expressed in units of 
equivalents per mole (eqiv/mole). We followed Dalmark [18] in 
the interpretation of Eq. (1) and in attributing the protonizable 
groups in the red cell to those on the hemoglobin molecule, nnb. 
The charges represented by nx  are assumed to remain depro- 

tonized, and therefore constant, within the range of cell pH 
(pH c) covered by the present simulations. Medium pH is indi- 
cated by pH m, and hydrogen ion concentrations in cell and me- 
dium are, by definition, C~" = expl0(-pH"m). Q~_~ is defined by 
Qr-) = nrtb �9 QHb + nx  �9 Qx + 2QM~ and represents the total net 
charge on the impermeant cell ion, in units of milliequivalents 
per liter original cells (meq/loc). The protonizable charge, nHb, 
represents the intracellular H + buffer. The titration curve of nys- 
tatin-treated red cells [18, 27] shows that, in the pH c range be- 
tween about 6 and 8, the behavior of the protonizable groups may 
be adequately described by the equation: 

n H b  = a(pH c - p l )  (1) 

where a is a coefficient representing the slope of the titration 
curve (in meq/mmol), and p l  is the intracellular pH at which nHb 
= 0 .  

According to Dalmark [18] and to Freedman and Hoffman 
[27] the value of a is about - 10  equiv/mole. When pH C > p l ,  the 
net charge on hemoglobin is negative and when pH C < p l ,  it 
becomes positive, as expected from the relative numbers and 
pKs of uncharged and negatively charged H+-reactive groups on 
the hemoglobin molecule. Use of Eq. (1) implies that nHb is not 
directly dependent on cell volume. There has been controversy 
on this point [27, 31, 32, 38]. The evidence supports volume- 
independence to any extent that might influence cell volume reg- 
ulation. Minor effects, however, cannot be ruled out. In concen- 
trated hemoglobin solutions small pH changes with changes in 
hemoglobin concentration have been reported [5] and interpreted 
in terms of changes in the pK of protonizable histidine residues 
at critically close intermolecular distances [5]. 

Following McConaghey and Maizels [59] and Freedman 
and Hoffman [27], we define the change in the osmotic coeffi- 
cient of hemoglobin with cell volume using the empirical equa- 
tion: 

2 2 fnb = 1 + b �9 Q r t b / V w  + c �9 Q H b / V w  (2) 

with virial coefficients b and c. The effects of changes in the 
definition of fHb are analyzed in the simulated experiments of 
Fig. 6. 

The superscript (~ on a variable represents its value in the 
initial reference steady state. The superscript (t), or simply the 
absence of temporal superscripts, (o) or ('), represents the value 
of that variable at any other time. D t  represents the incremental 
interval used for the computation of the transients. DVw is de- 
fined by DVw = V t - V (t-~ and represents the change in cell 
volume during each incremental interval. The relative volume of 
suspension occupied by the cells in the initial reference state is 
indicated by Ht ,  which represents the initial hematocrit. 

THE F L U X  EQUATIONS 

For the computation of transients it becomes necessary to pro- 
vide kinetic definitions for the fluxes of all permeant solutes. 
Fluxes were expressed in units of mmole per liter original cells 
per hour (mmol/loch) to allow direct comparison with common 
experimental practice. In addition, expression of fluxes per unit 
volume of original cells is particularly useful because it allows 
treatment of permeability and rate constants as real constants, 
independent of the area/volume ratio of the cells in the reference 
state. The fluxes per unit real volume of cells at each instant of 
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time can easily be calculated by dividing the fluxes expressed per 
unit original cell volume by the relative volume of the cells at that 
time (the area of transporting membrane is assumed to remain 
constant). The same correction would apply in the calculation of 
the instantaneous value of the permeabilities and rate constants 
used in the flux equations. 

Net fluxes into the cells were defined as positive. The total 
net flux of solute i is indicated by ~b~. Partial flux components are 
identified by superscripts P, L, G, Co and HA, representing 
fluxes through the Na pump (P), a low-saturation facilitated dif- 
fusion carrier (L), a constant-field electrodiffusional path (G), a 
neutral N a : K : 2 A  cotransport (Co), and a neutral H : A  co- 
transport (HA), meant to represent the operation of the Jacob- 
Stewart cycle [48]. 

The equations describing the total fluxes are: 

6K = ~b~ + q~ + 6~ + 6 c~ (4) 

6A = 6~  + 6~  ~ + 6~ ~ (5) 

4~. = 6~ A. (6) 

The following equations define the kinetics of the various 
flux components used here: 

qb~a = - q ~ a x ( c ~ a / ( C ~ a  + 0.2(1 + C~/8.3))) 3 

(c~/(C'~ + o.1(1 + cFd18)))  2 

4,~ = - 6 ~ d l . 5 .  

(7) 

(8) 

Equation (7) describes the Na pump-mediated Na efflux and 
incorporates the known competitive inhibitory effects of internal 
K and external Na [12, 31]. 4 ~  • represents the Na efflux through 
a Na pump saturated with internal Na and external K, at the ATP 
levels of normal red cells. Equation (8) incorporates the known 
3 : 2 stoichiometry of the pump for Na : K exchange. 

The passive flux components were defined by: 

6~ = - P ~ ( C ~  - C'P) (9) 

~b a = - e ] "  ( z iFE/RT) ( (C~  - C~fl 

�9 e x p ( - z i F E / R T ) ) / ( 1  - e x p ( - z i F E / R T ) )  (10) 

6 C~ = -kco((C~) 2" C~a" C~ - d .  (C~) 2. C~, �9 C~:) (11) 

4) HA = --kHA(C~A �9 C~  - C ~ .  C'~). (12) 

Unlike the Na pump-mediated fluxes, the true kinetics of 
the flux components defined by Eqs. (9) and (10) are not known. 
Moreover, Eq. (9) probably lumps together a variety of different 
transporters. Equations (9) and (10), therefore, may represent 
the simplest mathematical options, but they are also unrealistic 
and arbitrary. We must therefore consider how this may affect 
the predictions of the model. 

In short-term experiments in which the K or Na permeabili- 
ties are increased orders of magnitude above normal, through 
activation of Ca-sensitive K channels [60] or by addition of 
ionophores, as well as in experiments where cell volume and 
composition changes are caused by fast net fluxes through the 
Jacobs-Stewart mechanism, the short-term behavior predicted 
by the model will be little affected by the kinetics of the slow Na/ 
K transporters. The results of such "rapid"  experiments are 
analyzed in detail below. In slow, long-term experiments, on the 
other hand, the true kinetics of the Na and K transporters be- 
comes important. 

In recent years, much information has been gained on the 
existence and pharmacological reactivity of a variety of trans- 
porters which link, in different ways, the fluxes of all monovalent 
ions in red cells: H, Na, K and CI(A) [6, 7, 13, 22, 23, 36, 37, 53, 
68, 69]. Little is known yet about the precise kinetics of these 
transporters. Some are modulated by cell volume or pH and may 
thus, in turn, alter the value of these variables [6, 7, 13, 53]. The 
present model provides easy ways of exploring the effects of 
such transporters simply by redefining Eqs. (3) to (6) and (9) to 
(12), as exemplified here with the incorporation of a Na:  K : 2A 
cotransporter (see b e l o w )  [13, 22, 23, 36, 37]. Since all transport 
systems operate in parallel in the membrane, their inclusion in 
the model is simply done by adding terms to the flux equations of 
the transported ions. Such additions, which may include com- 
plex kinetics and volume/pH feedback reactions, will not change 
the basic structure of the model or the sequence of the computa- 
tions. As shown below, in each integration cycle the individual 
ion fluxes are computed sequentially using whichever expres- 
sions define Eqs. (3) to (6). Therefore, these equations can be 
modified without altering any other part of the program. 

Ideally, a comprehensive red cell model should contain the 
kinetics of all the identified transporters. In practice, however, 
since we ignore the precise kinetics of any transporter other than 
the Na pump, a comprehensive model would have to be ex- 
tremely arbitrary and necessarily unrealstic. This need not ham- 
per gradual progress towards more realistic and complete models 
as long as we do not attempt to start with a comprehensive 
model, and just follow a few simple and practical rules. Sensible 
use of the model as a tool to test hypotheses and guide research 
requires that we begin with only those terms in the flux equations 
which represent either well-characterized kinetics (such as that 
of the Na pump) or uncharacterized but essential flux compo- 
nents. The number of these components as well as that of the 
parameters used in the initial kinetic descriptions should be kept 
to a minimum. Comparison between predicted and measured 
behavior can then be used to correct, refine and extend the initial 
descriptions to improve the fit. In the first example below we 
attempt to answer a specific theoretical point by exploring the 
effects of different kinetic definitions of the passive components 
of the Na and K fluxes. 

In order to generate different kinetics we fixed the parame- 
t e r fo ,  defined as the proportion of 4~ga,K to (4~a,K + qS~a,K) flux 
components, at a value of either 0.1 or 0.9; this has the effect of 
assigning the fraction of the passive Na and K fluxes through 
potential-sensitive diffusional pathways, as either 10%, the value 
that probably best represents the physiological condition [2, 54], 
or as 90%. The size of the fluxes predicted by these two kinetic 
alternatives approximately spans the range of Na and K fluxes 
which have been measured in experiments relevant to the exam- 
ples analyzed. The effects of these specific kinetics will be ana- 
lyzed below in the presence of a cotransport system such as that 
described by Eq. (11). 

In Eqs. (9) and (10), pf ,O define permeability coefficients in 
units of h-~; zl is the valence of ion i; E, the membrane potential 
(in mV); and F / R T  lumps the Faraday constant (F), ideal gas 
constant (R) and absolute temperature (T) into a single constant 
whose value at 37~ was fixed at 0.037 mV -I. kco and kna define 
the turnover rate of the respective cotransports. The dimension- 
less factor d in Eq. (11) secures that q~eo = 0 in the reference 
steady state, so that the diffusible anion is at electrochemical 
equilibrium. The computed value of d turns out to be very near 1 
(see Table 2), indicating that if such cotransport exists in human 
red cells, it must be at or very close to equilibrium under physio- 
logical conditions. Equation (11) is the simplest mathematical 
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Fig. 2. Operation of the Jacobs-Stewart cycle after isotonic re- 
placement of the permeant anion by an impermeant anion in the 
suspending medium 
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Table 1. Values of parameters and variables used for the compu- 
tation of the reference state 

Cell values 
a - l0 mEq/mmol 
b 0.0645 
c 0.0258 
pl 6.85 
QHb 5 mmol/loc 
QM~ 2.5 mmol/loc 
C~a 10 mmol/Icw 
C~< ~ 140 mmol/lcw 
C~. ~ 95 mmol/lcw 
V ~ 0.7 liter/loc 
~b~ 2.6 mmol/loc �9 hr 

Experimental conditions 
H t  0.1 (equivalent to a hematocrit of 10%) 
C~ ~ 140 mM 
C ~  ~ 5 mM 
pH ~o 7.40 
C ~  ~ 10 mM 
/<8 10 -7"55 M 
C'~ ~ 10 mM 

expression for a neutral N a : K : 2 A  cotransport such as that 
found in red cells from a variety of species and best character- 
ized in avian and ferret red cells [23, 36, 37, 50]. 

Equation (12) describes the operation of the Jacobs-Stewart 
mechanism [48], as illutrated in the example of Fig. 2. In normal 
conditions the anion carI?ier of red cells maintains an equilibrium 
defined by rA = C'2/C~ = rn = C'H/C~, which applies to any 
permeable anion and also to the sum of all permeable anions 
present in the system [30]. For the experiments analyzed here, A 
may represent a single highl3/ permeant anion like CI-, for in- 
stance, or any combination of CI and HCO2 anions. If an out- 
ward concentration gradient of A is set up, thus perturbing the 
initial equilibrium, even contaminant traces of HCO3 ions will 
provide a rapid exchange of HCO2 for C1- through the powerful 
anion exchanger (Fig. 2). The CO2 shunt effectively prevents the 
buildup of intracellular HCOy or the maintenance of meaningful 
CO2 gradients. The net result is therefore a 1 : 1 exit of H and A 
from the cells with deprotonation of hemoglobin and cell dehy- 
dration [4]. This proceeds until a new equilibrium is reached, 
again defined by rA = rH. Equation (12) describes this process in 
terms of a hypothetical A : H cotransport, lumping all the kinet- 
ics into a single parameter, kHA represents the turnover of the 
limiting step in the cycle. Even with only contaminant traces of 
CO2 in the cell suspension, the limiting step is likely to be anion 
carrier turnover. Equation (12) can therefore be extended to test 
specific carrier kinetics in experiments designed for that pur- 
pose. 

COMPUTATION OF THE REFERENCE STATE 

Table 1 gives the values of parameters and variables used here to 
define the reference state. This set of values describes conditions 
expected in metabolically normal fresh red cells washed and sus- 
pended at 10% hematocrit in a medium buffered to pH 7.4 and 
containing 10 mM of Na gluconate, plasma-like Na and K con- 
centrations, and CI-, or CI- and HCO~, as the only diffusible 

anions. The choice of parameters and variables in Table 1 is 
flexible. The values were chosen to represent a minimal set 
of reliably measured quantities from which all others could be 
conveniently derived. Cell pH or anion ratio, for instance, may 
be preferred to the concentration of A in the cells; but the total 
number of initial parameters and variables, as given in Table 1, 
cannot be reduced without removing components of the inte- 
grated model. 

The values in Table 2 were derived from those in Table 1 as 
follows: 

Electroneutrality in the suspending medium requires that 

c~2 o + (cr ;  o _ c~o~) + c 7  o = c ~  o + c ~  o (13) 

where 

mo mo c ~  = CB ( c .  /(K~ + c ~ ~  (14) 

Depending on how the buffered suspending medium is prepared, 
we may need to solve Eq. (13) for C ~ ,  C~" or, as with the choice 
made in Table 1, for C~('. 

Since ~b An = 0, we can now compute C~ ~ pH c~ E ~ r~ and 
r,~ from 

= = C A / C A  = C ~ t ~  ~ r~ r~  ,~o co (15) 

and from 

E ~ = - ( R T / F )  In r~. (16) 

Using QO = V o . C~O, the isotonicity condition 

Qfqa + Q~ + Q~ + QMg + f~b " QHb + QX 

= V ' , ' , (C~ + C ~  ~ + C"2" + C~" + C;! ' )  (17) 
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allows us to compute Qx, the only unknown left in Eq. (17). f~Ib 
is calculated from Eq. (2) using V, = W,',.. 

Initial electroneutrality in the cells, given by 

Q~, + Q'~, + 2QMg Q'~ + n'(~bQHb + nA Q.~ 0 (18) 

renders nx; n~b is calculated from Eq. (1) using pH ~~ The total 
initial net charge on the impermeant ion, Q',Lj, can now be calcu- 
lated from 

Q~-I = n~b" QHb + nxQx + 2QMg, (19) 

In the running of the program, (Qx + QMg) and (nxQx + 
2QM~) were treated as lumped constants whose value was deter- 
mined from the isotonicity (Eq. (17)) and electroneutrality (Eq. 
(18)) conditions. From the choice of initial values in Table 1, (Qx 
+ QM~) = 21.7 mmol/loc and (n.~Qx + 2QM~) = -18.(I mEq/loc. 

With a QMg of about 2.5 mmol/loc [24J the content and 
charge of the remaining nonpermeant cell ion are about 19 retool/ 
Ioc and -1 .2  mEq/mmol, respectively, values consistent with 
those reported for the organic and inorganic phosphate pools of 
metabolically normal red cells [67]. At the resulting pH c of 7.26, 
the net charge on hemoglobin is about - 4  mEq/mmol. Thus, 
hemoglobin provides about 20 mEq/loc of negative charge in the 
reference state. Note that the introduction of Qx and nx repre- 
sents the simplest way to comply with isotonicity and electro- 
neutrality using the values in Table 1. 

Using the initial concentrations and membrane potential, it 
is now possible to solve Eqs. (3) and (4) under reference state 
conditions, when all net fluxes are zero, to give the values of 
6 ~  ~, P~,, P~, P~, and P~. We compute qS~il ~ from Eq. (7). We 
choose the desired proportion of L to (L + G) flux components 
for Na and K, f , ,  and we then compute P~,, P~. P" Y~, and P~ 
using Eqs. (9) and (10), with qS~, = ~b'~ = 0. The constant field 
permeability of the diffusible anion, P~, was varied over the 
range given in Table 2, to cover the range of experimentally 
observed values 19, 42, 431. 

When computing transients, kc,, and kH  ̂were set either at 
'off '  values of 10 9 and 1, or at 'on' values of 10 -6 and 10 9, 
respectively, in the units required for dimensional coherence in 
Eqs. (1 I) and (12). The 'on' value of 109 for kHA was chosen so 
that 4'HA would mediate a net anion flux equivalent to 104 times 
the total monovalent cation flux at maximal driving gradient. 
This is approximately equivalent to the observed anion self-ex- 
change rate through the anion carrier at 25-37~ [9]. The 'on' 
value of kco is arbitrary and was set for adequate illustration of 
the points analyzed below. 

COMPUTATION OF TRANSIENTS 

A perturbation is represented by a change in one or more of the 
variables or parameters listed in Tables 1 and 2. For example, 
full activation of the Ca-sensitive K channels or addition of va- 
linomycin would be represented by an increase in PaK. Complete 
Na-pump inhibition by ouabain would be obtained by making 
6~ aX = 0. Inhibition of the anion carrier would need reductions in 
kiln and perhaps also in PA c [9, 25]. Changes in the composition or 
tonicity of the medium are obtained by changing the correspond- 
ing C m. 

Changes in cell composition should generally be computed 
by starting at the reference state and simulating the experiment 
causing those changes. Sometimes, however, we wish to per- 
form simulations on red cells which have already undergone ex- 
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Table 2. Values of model parameters and of reference-state vari- 
ables derived from those in Table 1 

E ~ = -8 .6  mV 

r~ = r~ = 1.38 

pH co = 7.26 

f~b = 2.78 

d = 1.05 

C ~  = 5.86 mM 

P~a(hr -I) 0.0180 

P.~(hr -I) 0.0116 

PNaa(hr ~) 0.0017 

P~(hr t) 0.0015 

kco 10 -9 

kHA 1 

C~" = 130.9 mM 

Q{'. ~ = -38.5 mmol/loc 

Qx - 19.2 mmol/loc 

d)~i~ ~ = 8.99 mmol/loc hr 

P~ = 0.2 to 200 hr -~ 

n~b = -4.11 equivalents/mole 

n ,  - I. 19 equivalents/mole 

fu = 0.1 fG = 0.9 

0.0020 

0.0013 

0.0151 

0.0138 

'off '  'on' 

10 6 

109 

perimental treatments, or on red cells in pathological states, 
which involve changes in their internal composition. It may be 
cumbersome or, because of deficient knowledge, difficult to 
model the process that we need to follow from the normal refer- 
ence state in order to arrive at the modified condition. We may 
then wish to bypass the problem by redefining a reference state 
with abnormal cell volume or contents, which we believe is an 
accurate representation of the state of the cell before the experi- 
ment we want to simulate and analyze. The abnormal reference 
state becomes an initial assumption, and the simulation simply 
illustrates the behavior predicted on the basis of that assumption. 
This procedure may be justified in some instances, but it is im- 
portant to remember that we may overlook unsuspected changes 
which would have only become apparent had we been able to 
compute all transients from the normal reference state. 

In order to follow the transient behavior of the model after a 
perturbation we perform the sequence of computations outlined 
below. 

First, we compute the new value of E from 

E zifl = 0. (20) 

This equation states that the algebraic sum of the individual 
ionic currents through all transporters must be zero [29, 44, 45, 
55]. This secures the maintenance of electroneutrality. Equation 
(20) is implicit in E, and it was solved using the secant iteration 
algorithm (Hewlett-Packard, HP41 preprogrammed function). 
Any perturbation represented by a change in the concentrations 
or parameters contained within the flux Eqs. (7), (9) and (10) 
will render a value of E different from E ~ The two cotransport 
equations, having been defined electroneutral, are ignored in the 
computation of E. 

With E, we can now compute each of the q5 c flux compo- 
nents and, from Eqs. (3), (4) and (5), all the individual ion fluxes, 
4~i. With these, we calculate the new values of Qi using 
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DQi = $ i "  D t  (21) 

and 

Q~ = Q~t-Do + DQi .  (22) 

These two sets of equations provide the new amount of 
intracellular solute i per liter original cells at the end of the incre- 
mental interval Dt.  The use of Eq. (21) assumes that Dt  is suffi- 
ciently small to secure that 4,~ does not change significantly 
within that interval. 

In theory, the size of the incremental interval Dt  should be 
infinitely small. In practice, economy of computing time requires 
that we search, in every cycle, for the highest possible value of 
D t  which would alter results by less than a specified tolerance 
limit. These values will depend closely on the rates of all time- 
dependent processes. There is no universal rule to set the value 
of Dt  for all conditions. The simple relation 

Dt  = fD, /E  I~b,I (23) 

where E )h,] is the sum of the absolute value of all net ionic 
fluxes and fD, is an empirical constant, was used in the present 
computations. Equation (23) links D t  inversely to a maximal 
estimate of the overall ionic traffic across the cell membrane, as 
provided by E [qSi]. fo ,  values in the range 0.1 to 0.4 were ade- 
quate to keep the results within 1% of those obtained with one 
hundred-fold smaller for values, at the end of the simulated ex- 
periments. This allowed many of the computations to be per- 
formed on a portable HP 41C-type calculator. An additional ad- 
vantage of using D t  as defined by Eq. (23) is that we can 
automatically obtain printouts of computed values at frequencies 
proportionate to the rate of change in net ionic fluxes, by in- 
structing the program to print the partial results after a constant 
number of computing cycles. 

By applying the isotonicity condition of Eq. (17) using the 
new Qi = QI values obtained from Eq. (22), we can now compute 
the new volume of cell water per liter original cells, V~. We 
combine Eq. (2) with Eq. (24) 

fHbQHb + X Qi = V~ X C m (24) 

where 

X Qi = QN~ + QK + QA + QMg + Qx (25) 

and where E C?, the 'isotonic' external concentration, is given 
by 

X C7' = C ~  + C~, + c 7  + C~' + C~" (26) 

and solve for Vw, selected as the only real root within the feasible 
solution range. With V~ we can now compute the new intracellu- 
lar concentrations from 

C7 = QflV~,. (27) 

The new concentrations of extracellular ions at the end of each 
incremental interval, which result from the ionic and water shifts 
between cells and medium, are computed from 

Cmm = CmIt-Dtl(l + (Ht/(1 - Ht ) )DVw)  

- (Ht/(1 - Ht))DQ~ (28) 

Equation (28) was derived as follows: by definition, C, ."~ = M i / V , ,  

where M~ represents the amount of solute i (in retool) in a given 
volume Vs of extracellular medium. Therefore, 

d C  m = (1/V,)dM~ - ( M / V Z ) d V , .  (29) 

By expressing DQ~ and DV~ per liter original cells, the following 
transformations become valid: 

V, = 1 - H t  (30) 

dMi = - D Q i  �9 H t  (31) 

dV ,  = - D V ~  �9 Ht .  (32) 

Making 

cm~O -- C,fl~t ot) = dC  m. (33) 

We can now derive Eq. (28) from Eq. (29) using the substitutions 
in (30)-(33). The first term in Eq. (28) describes the change in C7' 
due to water shifts from cells to medium. The second term de- 
scribes the change in C m due to ion shifts and applies only to 
permeant solutes, where DQi 4: O. 

Computation of the H § concentration in cells and medium 
requires alternative equations because of the presence of an ex- 
tracellular buffer and intracellular protonizable groups which 
bind almost all the transported H +. The intracellular proton dis- 
tribution was calculated from 

DQH = 4~ nA . D t  

QI '~, = QI'-Io'I + DQH 

pH c = p l  + ((Q}~) - ( n x Q x  + 2QMg))/aQHb) 

C~ = expl0(-pH0.  

(34) 

(35) 

(36) 

(37) 

The extracellular proton distribution was computed from 

CTI~ ~ = Cg~-~176  + (Ht/(1 - Ht ) )DVw)  

- (Ht/(1 - Ht ) )DQH 

crff ~t) = Cn~ It Dt)(l + (Ht/(1 - Ht ) )DV, , )  

c ~  = KB(C~B/ (C~  -- C7~))  

pHm = - log  C~. 

(38) 

(39) 

(40) 

(41) 

Equation (36) was obtained by combining Eq. (1) with the nonini- 
tial form of Eq. (19) and solving for pH c. Equation (38) is a 
particular form of Eq. (28), which computes the change in pro- 
tonized extracellular buffer concentration due to water and pro- 
ton shifts between cells and medium. Only water shifts affect the 
total external concentration of the impermeant buffer, as ex- 
pressed by Eq. (39). Equation (40) is the noninitial form of Eq. 
(14), which describes the external buffer equilibrium and allows 
us to compute the new C~ and p a  m values (Eq. (41)). 

Equation (41) completes the computation of one D t  cycle. 
With the new C~ and C7' values, the program now returns to Eq. 
(20) and repeats the cycle as many times as instructed for the 
desired length of the simulated experiment. When running the 
program, breaks are preset for printing or plotting intermediate 
results and for changing or restoring experimental conditions. 
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Results and Discussion 

In this section we report and analyze the results of 
simulated experiments chosen to illustrate the ap- 
plication of the integrated model to a diverse sample 
of conditions. For each example, we first describe 
the nature of the problem and the questions pre- 
sented for analysis using the model. The predicted 
results are then described, and the model is tested 
by comparison with published experimental results. 
Finally, we analyze the models' answers to the orig- 
inal questions and discuss the wider implications 
arising from these predictions. 

The display of the results in Figs. 3, 4, 5 and 6 
includes the values of the selected variables in the 
reference state, as given in Tables 1 and 2. Zero- 
time corresponds either to the start of a final incuba- 
tion after a reversible perturbation, as in Fig. 3, or 
to the initiation of a sustained perturbation, as in 
Figs. 4 to 6. Unless specified otherwise in the figure 
legend, the red cells were considered to be sus- 
pended at 10% hematocrit in the saline buffer de- 
scribed in Table 1. 

FACTORS CONTROLLING THE RATE AND EXTENT 
OF RED CELL VOLUME CHANGES AFTER 
BALANCED N a / K  GRADIENT DISSIPATION 

Formulation of the Problem 

Sickle cell anemia red cells (SS) become progres- 
sively dehydrated and rigid in the circulation. It is 
generally believed that the densest cell fraction, 
mostly irreversibly deformed cells, plays an impor- 
tant role in the generation of hemolytic anemia and 
microcirculatory occlusion, the two main clinical 
features in this disease [3]. The densest SS cells 
have lost much more K than they have gained Na 
[3]. In physiological-like conditions, however, sick- 
ling in vitro causes only a balanced K loss and Na 
gain without measurable cell dehydration [66]. Gla- 
der and Nathan [33] and Clark et al. [16] proposed a 
mechanism by which an initially balanced Na/K 
change could lead to cell dehydration. They sug- 
gested that restoration of the Na/K gradients by a 
Na pump with a Na : K stoichiometry of about 1.5, 
in a cell where the diffusible anion provides the 
charge-balancing flux, ought to cause progressive 
cell dehydration. Clark et al. [16] tested this hypoth- 
esis on nystatin-pretreated normal red cells, and 
found, whether the cells were initially swelled or 
shrunk during pretreatment, that as long as cell Na 
was increased by more than 40 mM, with fairly bal- 
anced K loss, they became more dehydrated during 
a subsequent 20-24 hr incubation as a result of Na 

pump activity. If all permeability changes had been 
transient and fully reversible, as Clark et al. [16] 
imply for the nystatin pretreated cells, the cells 
should eventually return to their original normal 
volume and concentrations, since the steady-state 
solutions show that cell concentrations and volume 
are uniquely determined for each set of parameters 
[65]. The theoretical questions, therefore, are: in a 
cell which has experienced a reversible and tran- 
sient permeability change leading to balanced Na/K 
dissipation, what are the expected rates of dehydra- 
tion and volume restoration? Which factors control 
each of these processes? Do these processes over- 
lap in time and canel each other, at least partially? 
Could this be a possible mechanism for sickle cell 
dehydration? 

Results and Analysis 

The protocol in the experiment of Fig. 3 simulated 
that followed by Clark et al. [16] after nystatin treat- 
ment of the cells. In their experiments, nystatin 
treatment of normal red cells was used to induce a 
substantial increase in cell Na and decrease in cell 
K concentration with either an initial increase or 
decrease in cell volume. After removing the 
ionophore, the cells were incubated in plasma-like 
media at 37~ and the cell Na, K and water contents 
were assessed in samples obtained after about 20- 
24 hr. In the present simulation, we have assumed 
no initial volume change after a balanced cell Na 
gain and K loss. Zero-time in Fig. 3 corresponds to 
the start of this final incubation. C~a/C~ was 
changed from 10/140 in the Reference State to the 
70/80 value found to consistently result in cell dehy- 
dration accompanied by net cation loss during C~a/ 
C~ recovery [16]. In Fig. 3 we report the results 
predicted by models with different kinetic defini- 
tions for the passive Na and K flux components. We 
tested kinetic options whereby the electrodiffu- 
sional fluxes represented either 10 or 90% of the 
total passive flux, for model red cells defined with 
either normal or hyperpolarized membrane poten- 
tials. The hyperpolarized cell condition was ob- 
tained by setting the cell permeant anion concentra- 
tion at 30 mM in the reference state. The resulting 
initial membrane potential and cell pH were -40  
mV and 6.8, respectively. The net negative charge 
on the impermeant cell anion was -84  mEq/loc. We 
also report the changes predicted in the presence of 
a Na :K:2C1  cotransport. As we shall see, these 
variants represent the main options worth consider- 
ing in this type of general analysis. 

It can be seen (Fig. 3) that for the model vari- 
ants without active cotransport, the predicted time- 
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Fig. 3. Predicted time course of cell volume and Na/K concen- 
tration changes after a compensated dissipative change in cell 
Na/K concentrations. The insert lists the models considered and 
corresponding curves, fc  refers to kinetic variants with 10% (0.1) 
and 90% (0.9) electrodiffusive flux components for passive Na/K 
transport 

courses for the recovery of the cell Na and K con- 
centrations are roughly similar, and that by about 15 
hours recovery is more than 95% complete. The 
pattern of the predicted volume changes, on the 
other hand, is substantially different for each of the 
models. In all cases cell dehydration occurs during 
concentration recovery, but its extent varies con- 
siderably. In control cells with 10% electrodiffu- 
sional Na and K flux-components, which probably 
represent best the condition of normal human red 
cells, the predicted volume reduction is small, being 
less than 9% of the original cell volume at its maxi- 
mal extent. This occurs after about 15-20 hr of in- 
cubation and is consistent in timing and extent with 
the observations of Clark et al. [16]. Volume resto- 
ration, on the other hand, occurs over many weeks 
and was only 35% complete by the end of the first 

week. The extremely slow time course of volume 
restoration in red cells was first predicted by Toste- 
son [64] for sheep red cells in pioneering studies 
with a nonsteady-state transport red cell model. 
Figure 3 also shows that, in the absence of activated 
cotransport, (i) dehydration is slower and smaller in 
hyperpolarized cells than in control cells, (ii) in 
models with 90% electrodiffusional Na and K flux 
components cell dehydration is slower and smaller 
than in models with 10% electrodiffusion; this dif- 
ference is more marked in hyperpolarized cells than 
in the controls, (iii) the smaller the extent of and 
time required for maximal dehydration, the faster 
the rate of volume restoration. All these effects 
were found to be negligibly affected by the value of 
the diffusional anion permeability within measured 
ranges. At the start of the incubation, the membrane 
potential was hyperpolarized by -1.5 to - 2  mV 
relative to its value of -8 .6  mV in the reference 
state with normal Na/K gradients. In the models 
with 10 and 90% electrodiffusional Na/K flux com- 
ponents maximal hyperpolarization was computed 
at l0 hr (-11.7 mV) and 25 hr (-10.8 mV), 
respectively. Hyperpolarization closely followed 
the time course of dehydration, and repolarization 
followed the time course of rehydration, not that 
of Na/K gradient recovery. If the simulations 
were performed with the Na pump fully inhib- 
ited and the Na : K : 2A cotransport inactive, there " 
was neither hyperpolarization nor dehydration 
phase. 

Since all isosmotic cell volume changes depend 
on the loss or gain of diffusible anion (see Appen- 
dix), the volume changes described above must de- 
pend on the driving forces governing net diffusive 
anion movements. We must therefore analyze these 
forces in detail. In the absence of cotransport-medi- 
ated fluxes, the Na-pump dependence of volume 
reduction shows that, as envisaged by Glader and 
Nathan [33] and observed by Clark et al. [16], the 
dehydration phase is linked to the activity of the 
electrogenic Na pump. Stimulation of the pump by 
the highly increased Na/K ratio caused the small 
but sharp initial hyperpolarization. The difference 
between the membrane potential and the Nernst po- 
tential of the diffusible anion represents the driving 
force for net anion flux. The initial pump-mediated 
hyperpolarization was small, but enough to secure 
that more than 98% of the excess Na efflux over K 
influx via the Na pump was balanced by net anion 
efflux through its electrodiffusional pathway. The 
resulting net Na + A efflux in excess of K + A gain 
accounts for cell dehydration. During this dehydra- 
tion phase, the increasing concentrations of imper- 
meant cell solutes, together with minor pH and non- 
ideal osmotic effects (which will be analyzed in 
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detail with the third example), cause intracellular 
dilution of the diffusible anion as it exits the cell. 
This reduces the driving potential and hence the 
driving force for net anion efflux. Restoration of the 
Na/K gradients, on the other hand, tends to drive 
the membrane potential back to its reference state 
value. This initially contributes to reduction, and 
eventually causes reversal, of the driving force for 
net anion movement. Reversal of the driving poten- 
tial in the direction of net anion gain sets up the 
volume restoration phase. The rate of rehydration is 
determined by the strength of this anion driving 
force, which is very small in red cells with normal 
membrane potential, but increases substantially in a 
hyperpolarized cell. Thus, the rate of volume resto- 
ration is determined by the magnitude of the elec- 
trodiffusional Na and K flux components and by the 
absolute value of the membrane potential. The 
overall size of the cation traffic across human and 
most other mammalian red cell membranes is so 
minute, and the membrane potential so small, that 
even if all the passive Na/K movements were elec- 
trodiffusional, the predicted time for complete vol- 
ume restoration would exceed a week. In the more 
realistic instance of the electrodiffusive fluxes rep- 
resenting only a small fraction of the total passive 
fluxes, the time to full volume recovery would ex- 
ceed the lifespan of many cells in any blood sample. 
The availability of techniques of long-term incuba- 
tion of human red cells may now make it possible to 
test these alternatives [26]. In general, cells with 
high membrane potentials and with substantial elec- 
trodiffusive pathways for Na, K and C1 are better 
equipped to resist shrinkage and achieve earlier vol- 
ume recovery following Na/K gradient dissipation 
than are tighter cells with lower potential. Human, 
and perhaps other mammalian red cells [64] would 
appear to be ill equipped for this type of volume 
regulation. The present analysis provides firm theo- 
retical support for the conclusions of Clark et al. 
[16]. 

The membrane potential is not the only possible 
link between the fluxes of Na, K and A. Carrier- 
mediated cotransport of these ions has now been 
abundantly documented in a large variety of cells, 
including red cells [17, 22, 23, 36, 37, 50, 69]. The 
present analysis contributes the notion that even a 
relatively weak cotransport, which could speed up 
Na pump-mediated Na/K recovery only by a factor 
of two, for instance, could make a substantial con- 
tribution to the initial volume imbalance before con- 
tributing effectively to the volume restoration pro- 
cess. Na/K gradient dissipation will always drive a 
passive cotransporter, as defined here by Eq. (14), 
to net anion extrusion with consequent cell shrink- 
age. The rate, however, will depend on the precise 

kinetics of the cotransporter. A kinetics that would 
reduce such an effect without impairing the contri- 
bution to volume recovery would require the al- 
tered internal Na/K concentrations to inhibit the 
cotransporters' turnover. The recent discovery that 
this type of cotransport represents a major pathway 
in ferret red cells [23] may enable more direct stud- 
ies of the kinetics of such a system. 

The analysis thus far has demonstrated that de- 
layed volume recovery following Na/K gradient 
dissipation is a basic property of human red cells, 
since it results from the low level of ionic traffic 
through pathways that link the fluxes of Na, K and 
CI. Given these inbuilt constraints, delayed volume 
recovery is independent of the kinetics of transport 
through each of the individual transporters. 

We consider next the possible relevance of this 
analysis to normal and abnormal red cells. The only 
normal condition claimed to cause ion-gradient dis- 
sipation is microcirculatory shear stress. Some ap- 
parent Ca-gradient dissipation has been described in 
vitro [51], but under conditions accompanied by 
some hemolytic damage. Because the Na/K gradi- 
ents are so much smaller than those of Ca 2+, com- 
pensated dissipation of Na and K caused by shear 
stress may be too small to measure directly. If such 
episodes did occur in the capillary microcirculation, 
however, they should promote cell dehydration 
during gradient dissipation and while Na/K gradi- 
ents are being restored. Volume restoration, on the 
other hand, would be too slow for meaningful re- 
hydration between capillary passages. Therefore, 
as the red cells age, they may keep a cumulative 
record of those events in the form of a progressive, 
though probably very small, reduction in volume, 
without noticeable changes in Na and K concentra- 
tions. The normal age-related increase in red cell 
density might be based on this mechanism. 

The best characterized abnormal condition 
causing substantial compensated Na/K dissipation 
is deoxygenation-induced sickling of SS red cells 
[66]. What the present results add to previous sug- 
gestions and observations [16, 33] is that cell dehy- 
dration may be expected to persist for weeks even if 
full recovery of the Na/K gradients had occurred 
within the first day. If the rate of sickling/desickling 
in the circulation exceeds a critical frequency, it is 
easy to see how gradient restoration between sick- 
ling events may be unable to oppose cumulative dis- 
sipation. Balanced Na/K gradient dissipation, how- 
ever, fails to account for the fact that irreversibly 
sickled cells show a marked excess of K loss over 
Na gain [3], a state which cannot be attributed to 
Na-pump-mediated dehydration. This mechanism, 
therefore, does not appear to be a plausible working 
hypothesis to explain irreversible sickle cell forma- 
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tion, though it may contribute to cell dehydration, 
particularly in the initial stages. 

CELL VOLUME AND pH CHANGES FOLLOWING 

REPLACEMENT OF THE PERMEANT ANION BY AN 

IMPERMEANT MONOVALENT ANION 

Formulation of the Problem 

Phosphate buffers, isosmotic with plasma, or phos- 
phate-buffered saline containing a substantial pro- 
portion of phosphate, were often used and are still 
recommended as suspending media for red cells in 
studies of hemoglobin function [see, for example, 
21, 46, 49, 58, 62]. Bookchin et al. [4] recently 
showed that this treatment of the cells results in 
altered cell properties which were neither intended 
nor are appropriate for the attempted studies. The 
alterations consisted in transient cell alkalinization 
and rapid and sustained cell dehydration, which 
preceded any phosphate entry. Although the bases 
of the observed changes could be explained [4], it 
was not possible to predict the precise rate and ex- 
tent of these effects under all the experimental con- 
ditions in which it was necessary or convenient to 
carry out such studies. The critical questions are: in 
the simplest case of a one-for-one replacement of 
the external diffusible anion by an impermeant 
monovalent anion, what determines the extent of 
cell dehydration and pH change to each level of 
impermeant anion in the medium? Can we use the 
measured changes in cell volume and pH in this 
type of experiments to determine some fundamental 
cell properties? 

Results and Analysis 
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Fig. 4. Predicted effects of external anion replacement on cell 
volume and permeant anion content and on cell and medium pH, 
at two different hematocrits. At t = 0, all but 5 mM of the exter- 
nal permeant anion were replaced by a monovalent impermeant 
anion. For easier comparison with the results of Bookchin et al. 
[4], the mean corpuscular hemoglobin concentration (MCHC) 
rather than the relative volume (V/Vo) were used here tO report 
cell volume. The relation between these two quantities is given in 
Eq. (D14) 

In the simulated experiments of Fig. 4, all but about 
5 mM of the external permeant anion, A, was stoi- 
chiometrically replaced by an impermeant anion, 
such as gluconate. We followed the changes in cell 
volume, pH and permeant anion content, and in 
external pH, at two different hematocrits, 10% and 
10-4%, equivalent to infinite dilution. In the last 
condition the medium becomes an invariant sink 
and the cells absorb all changes, which therefore 
become maximal. The reduction in external per- 
meant anion concentration sets up an outward gra- 
dient of A which activates the ~bHa flUX through the 
Jacobs-Stewart mechanism, as analyzed for Fig. 2 
(see section on the "Structure of the Model"). This 
causes rapid net anion and proton loss from the 
cells, with opposite cell and medium pH changes. 
As anion is lost, the cells shrink. The predicted fluid 
loss is approximately isotonic in A, as observed [4]. 
The magnitude of these changes in the quasi steady- 

states that follow depends on the hematocrit, the 
composition and concentration of the external 
buffer and, when these are constant, exclusively on 
the protonization and nonideal osmotic behavior of 
the impermeant cell ion. 

This last point is critical, because it provides an 
easy method to characterize these important prop- 
erties of the impermeant cell ion in situ, in intact 
normal and abnormal red cells, in short-term exper- 
iments in which the metabolic state of the cells is 
not significantly changed. The method consists of 
measuring the hematocrit and pH of the cell suspen- 
sion at different levels of permeant anion in the me- 
dium. The differences between measured and pre- 
dicted quantities can then be used to search for the 
best-fit functional expressions and parameters in 
Eqs. (1) and (2). This method explores only the 
range of cell pH which is alkaline in relation to the 
pH in the medium before anion replacement. 
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With the next example we shall consider an al- 
ternative procedure to explore the acidic titration 
range. A preliminary comparison between the pre- 
dicted results of Fig. 4 and those obtained by Book- 
chin et al. [4] (their Fig. 2) using citrate as an 
impermeant anion replacement shows excellent 
qualitative agreement, but also some minor quanti- 
tative discrepancies. Though the experimental con- 
ditions are not strictly comparable, it seems clear 
that for a similar fall in cell anion, the measured 
shrinkage and cell pH were higher than predicted 
from the description and parameters used here for 
Eqs. (1) and (2). This may mean that in these condi- 
tions the osmotic coefficient of hemoglobin is higher 
than previous estimates suggested, and that proton 
buffering by hemoglobin, at least in the alkaline 
range of cell pHs, is lower than what the nystatin 
equilibrium experiments suggested. It is not justi- 
fied, however, to attempt to improve the fit or to 
pursue this analysis further without additional ex- 
periments. The brief analysis of the predictions in 
Fig. 4 illustrates the potential application and use- 
fulness of the proposed method. 

ments are related to the following questions: if the 
increased K permeability is purely electrodiffu- 
sional, does cell pH change? Are the K and CI 
losses comparable? Is the fluid lost from the cells 
isotonic? How should anion carrier inhibitors affect 
net K and CI losses? How does the membrane po- 
tential change in time? What are the effects, in each 
case, of replacing C1 ions by anions with less limit- 
ing diffusional permeabilities, such as SCN- [56]? 
The answers to these questions are virtually im- 
possible to predict in the absence of an intregrated 
model. 

We could also adapt the questions of the pre- 
vious example to the experiments considered here. 
When the anion permeability is not limiting, what 
determines the extent of dehydration of K-per- 
meabilized red cells at different external K levels? 
What would the hematocrit and medium pH 
changes be in this case? What is the essential differ- 
ence between these conditions and those of the im- 
permeant anion replacement experiments? 

Results and Analysis 

EFFECTS OF A LARGE AND SUDDEN INCREASE 

IN THE CELL K PERMEABILITY IN L o w - K  MEDIA 

Formulation o f  the Problem 

A neutral K:  H countertransport activated and 
modulated by the cytoplasmic Ca 2+ concentration 
has been recently proposed by Cala [10, 11] to medi- 
ate a volume regulatory response of Amphiuma red 
cells. Although the evidence presented for the exis- 
tence and operation of such a mechanism seems 
elegant and sound, several questions arise: are 
there any alternative interpretations of the data? 
What critical experimental tests could be designed 
to investigate the validity of any such alternatives? 
As we shall demonstrate, the answer to these 
questions relates to another group of very familiar 
experiments with red cells, in which the diffusional 
K permeability of the cell membrane can be rapidly 
and selectively increased by up to four orders of 
magnitude, either by incorporation of the K-selec- 
tive ionophore valinomycin [42, 43] or by activation 
of endogenous Ca2+-sensitive K channels present in 
red cells from many species [60]. When the K per- 
meability is thus increased, with the cells sus- 
pended in low-K, C1--containing media, the cells 
hyperpolarize and, following the net loss of K and 
CI-, dehydrate at a rate limited by the diffusional 
anion permeability [40-43, 52]. These effects are 
familiar, well characterized, and easy to interpret. 
Possible alternative interpretations of Cala's experi- 

The experiments in Fig. 5 were simulated at 10% 
hematocrit. They predict the changes in a number 
of variables over the first hour following a 103-104 
increase in the K permeability of the cells in the 
presence of anions of increasing diffusional perme- 
ability, from 0.2 hr -~ , equivalent to that reported for 
Cl ions in human red cells [9, 35, 42, 43], to about 
103 times this value. It can be seen that when the 
diffusional anion permeability is about a hundred 
times that reported for CI-, the anion permeability 
is no longer limiting to the rate of K loss. The diffu- 
sional anion permeability determines not only the 
rates of K and A loss, but also the pattern of change 
in membrane potential [28, 63]. With normal anion 
permeability, hyperpolarization is maximal at the 
onset of the K permeability increase, as a result of 
the increased Goldman potential determined by the 
new ratio of the increased diffusional permeability 
of K to that of A. In the presence of a nonlimiting 
anion, the initial hyperpolarization due to the Gold- 
man potential is minimal; but the membrane po- 
tential increases rapidly as the cell dehydrates, 
because the Donnan potential rises with the 
concentration of impermeant anions in cell water. 
At normal or low anion permeabilities, the transi- 
tion from Goldman to Donnan potentials as the cell 
dehydrates is slower and appears as a more or less 
steady hyperpolarization. However, this steadiness 
of the potential may be deceptive because at the 
same time substantial changes in cell volume, com- 
position, and pH are taking place. The increase in 
Donnan potential with cell dehydration occurs de- 
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Fig. 5. Predicted effects of a sudden increase in the diffusional K permeability in the presence of permeant anions of different 
diffusional permeability. All experiments were simulated at 10% hematocrit 

spite a fall in total negative charge per liter original 
cells, Q(_), as explained below. 

At nonlimiting anion permeabilities all changes 
appear complete within about 10-20 min. This is 
not, however, a true steady-state, for slower 
changes, involving Na-pump fluxes stimulated by 
the increased Na concentration within the shrunken 
cells, continue beyond the initial period of rapid 
changes. Since long term predictions are not under 
consideration here, the analysis will be confined to 
the rapid changes and quasi steady-states of the first 
15-30 min in conditions where the anion permeabil- 
ity is not limiting. 

Comparison of the QA and QK curves in Fig. 5 
shows that more K than A is lost from the cells. The 
pH curves show that K loss is accompanied by cell 
acidification and medium alkalinization. Since the 
net Na flux is negligible and outwards, proton influx 
must provide the balancing charge for the excess K 
efflux over A efflux. If the loss of K and A had been 
isotonic, the expected loss of cell water would have 
been AVw = (AQK + AQA)/E C m = 0.53 liter/loc in 
the quasi steady-state. The loss of cell water ob- 
served in the simulated experiments was only 0.35 
liter/loc. This indicates that the fluid lost was hyper- 
tonic relative to medium tonicity. The model there- 
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Fig. 6. Effects of the operation 
of the Jacobs-Stewart cycle and 
of changes in the osmotic 
coefficient of hemoglobin on the 
predicted behavior of model 
variables after a sudden increase 
in the diffusional K permeability. 
The value of the virial coefficient 
c in the curves with increased 
osmotic coefficient was raised 
from 0.026 to 0.04. All 
simulations were performed at 
10-4% hematocrit 

fore predicts that activation of a K permeability in 
low-K media will cause cell acidification and the 
loss of an hypertonic fluid containing an excess of K 
over A. 

The mechanism for these predicted effects be- 
comes clear from the analysis of the curves in Fig. 
6. These experiments were simulated at infinite cell 
dilution to focus attention on cell mechanisms only. 
The osmotic effects were analyzed by comparing 
curves with the osmotic coefficient of hemoglobin 
set at either normal, increased, or constant values. 
The normal and increased settings correspond, re- 
spectively, to the values of virial coefficients from 
Table 1 or to the highest estimates reported by Mc- 
Conaghey and Maizels [59] (see legend of Fig. 6). 
The "constant"  setting represents ideal osmotic be- 
havior in the sense that the osmotic coefficient of 
hemoglobin is independent of cell volume and re- 
mains at its reference state value (see Table 2) 
throughout the experiment. It can be seen that the 
predicted fluid loss becomes isotonic only when the 
coefficient is constant. This means that hypertonic- 
ity of the fluid leaving the cells can be ascribed en- 
tirely to the nonideal osmotic behavior of hemoglo- 
bin. Whereas the difference in cell dehydration 
between "constant"  and nonideal conditions is 
large, that between middle and extreme range val- 
ues for the virial coefficients is relatively small. 

A comparison of the two curves with the Ja- 
cobs-Stewart mechanism " o n "  or " o f f "  shows that 
cell acidification and the excess loss of K over A 
occur only when the mechanism is operational. Fig- 
ure 6 also shows that under all conditions A loss is 

accompanied by dilution of A. These results suggest 
the following mechanisms for cell acidification and 
excess loss of K over A. K permeabilization causes 
the membrane potential to hyperpolarize, from its 
reference state value at the equilibrium potential of 
the diffusible anions to a value intermediate be- 
tween the equilibrium potentials of K and of the 
diffusible anions. This creates the potential gradient 
which drives A out of the cell following the K loss 
down its concentration gradient. K and A comprise 
nearly all the osmotically active solvents in the cell 
effluent. To secure isotonicity between this effluent 
and the fluid within the cell the molar ratio of K and 
A to water in the effluent must be higher than it is in 
the cells where other solutes contribute to the inter- 
nal osmolarity. Hence, loss of cell K and A must 
reduce not only their content per unit hemoglobin 
but also their concentration in cell water. Upon re- 
duction in cell A concentration, an increase in rA 
generates a driving force for H ion influx through 
the Jacobs-Stewart mechanism, leading to restora- 
tion of rH = rA, with cell acidification. The number 
of protons gained by the cells will depend entirely 
on the nature and concentration of the cell buffer. 
For an equivalent initial dilution of A, the more 
highly buffered the cells, the more protons will have 
to enter to restore the equality of H + and A concen- 
tration ratios. Titration of the cell buffer, in turn, 
will remove fixed negative charges and retain A 
within the cells, thus opposing further cell dehydra- 
tion. If the proton shifts are blocked, as represented 
by the curve with kHA Off, the concentration of un- 
buffered fixed cell anions will increase more steeply 



72 V.L. Lew and R.M. Bookchin: Integrated Red Cell Model 

with cell dehydration, creating a larger Donnan po- 
tential, with higher K and lower A concentrations in 
the quasi-steady state. This leads to the interesting 
prediction that, if it were possible to block the anion 
carrier without severely reducing the diffusional 
permeability of a nonlimiting anion, then increasing 
the K permeability (with valinomycin, for instance) 
should cause more loss of A than in controls with- 
out anion carrier inhibitors. 

In the quasi-steady states generated by K per- 
meabilization, as with the anion replacement exper- 
iments, cell volume and pH are determined by the 
charge and nonideal osmotic properties of hemoglo- 
bin. Unlike with the anion replacement experi- 
ments, however, under conditions of K permeabili- 
zation the cells acidify. Therefore, the latter 
conditions can be used to investigate those proper- 
ties of hemoglobin in the acidic pH range. 

We can now attempt a possible reinterpretation 
of Cala's [10, II, 12] results based on the previous 
analysis. As shown above, an excess K over A loss 
together with a charge-balancing influx of protons is 
expected whenever the K permeability is increased 
in low-K media. As demonstrated by the model, 
these effects neither require nor disprove the medi- 
ation of an electroneutral K : H exchanger. The pre- 
dicted ratio of K to A loss in human red cells was 
within the range 1.3-2. In Amphiuma red cells the 
observed K loss in excess of CI loss was about five- 
fold [11, 12]. To account for this excess in the ab- 
sence of a K : H exchange mechanism, Amphiuma 
red cells would require 2-5 times the proton buf- 
fering capacity of normal human red cells. To our 
knowledge, measurement of this buffering capacity 
has not yet been reported. In view of these consid- 
erations, the strongest argument in support of an 
electroneutral K : H  exchanger now rests on evi- 
dence for a low membrane conductance in condi- 
tions where the K flux was presumed to be acti- 
vated [12]. Cala's findings, that the hyperpolarizing 
effect of valinomycin was similar with or without 
stimulation of the K fluxes, would appear to provide 
that evidence. Recent findings, however, demon- 
strate that the ionophore A23187 induces an ex- 
tremely heterogeneous distribution of Ca in human 
red cells [56]. The results used by Cala ([11], see 
Figs. 2 and 3) to document C a  2+ dependence and 
modulation of the volume regulatory K flux, show a 
stepwise "all or none" pattern [57] which suggests 
that the Ca 2+ distribution among the cells in which 
membrane potentials were measured with micro- 
electrodes may also have been extremely heteroge- 
neous. These considerations raise uncertainty 
about the assumption that the conductance and flux 
measurements were made on cells in strictly com- 
parable states. The critical test would be to measure 

the above potentials and fluxes under conditions of 
confirmed uniformity and constancy of the intracel- 
lular Ca 2+ distribution. 
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Appendix 

Analysis of the Factors that Determine the Rate of 
Cell Volume Change (DVw/Dt) 

From the isotonicity condition (Eq. (17)), we obtain 

QuA + QK + QA = Vw Y~ C? - (Qug + fHbQHb + Qx). (A1) 

From the electroneutrality condition (Eq. (18)), we obtain 

Qs, + QK - QA = -(nn~Qnb + nxQx + 2QMg). (A2) 

Substracting Eq. (A2) from (A1) and rearranging, we obtain 

2QA = Vw E C~ + (nHb - -  f H b ) Q H b  + (nx - 1)Qx + QMg. (A3) 

Differentiating both sides of Eq. (A3) in relation to time, 
substituting Eq. (1) and definition (2), and applying the conver- 
sion DfHb/Dt = (DfHb]DVw)(DVw/Dt), we obtain 

DVw/Dt = (2q~A - -  aQ.b(DpH'IDt))/(E C~" - Q.b{D.fnh/DV,,.)) 

(A4) 

for conditions in which QMg, nx ,  QHb, Qx, pI and E C m are con- 
stant in time. 

Equation (A4) states that, at constant tonicity in the me- 
dium, the rate of change in red cell volume is determined by the 
factors which control the diffusible anion flux and cell pH and is 
modulated by the cell volume dependence of the osmotic coeffi- 
cient of hemoglobin. Since DfHb]DVw is negative, the effect of 
the nonideal osmotic behavior of hemoglobin is to reduce the 
rate of volume change more the smaller the cell volume. 


